Saving Money, Making Money

Suppose you receive for graduation a gift of $1,200 from your favorite relative.
You are required to invest at least $800 of the gift in a no-withdrawal savings
program for at least two years. You have designed two plans to consider.

Plan A: First Savings Bank (FSB) pays 6% interest, compounded annually on
savings accounts. Employee’s Credit Union (ECU) has options that allow you
to choose your interest rate and how often your interest is compounded.

1. Determine how much you would have at the end of 2 years if you
decided to invest $1,000 at FSB.

2. One of the options at ECU pays 5% interest annually and compounds
interest quarterly. How much would your initial deposit there need to
be to have the same amount that you would have after investing
$1,000 with FSB for 2 years?

3. Another option at ECU compounds interest monthly. If you invest
$1,000 compounded monthly with ECU, what interest rate would they
have to pay for you to have the same amount that you would have
after investing $1,000 with FSB for 2 years?

4. If one plan at ECU pays 4.75% interest compounded bimonthly
(every two months), and you invest $1,000 in that plan, how long
would it take for you to have the same amount that you would have
after investing $1,000 with FSB for 2 years?

Plan B: ECU also has some plans in which interest is compounded
continuously. You are still comparing with an investment of $1,000 at 6%
annual interest at FSB.

1. Suppose your savings will earn 5% interest compounded
continuously at ECU. How much would your initial deposit there need
to be to have the amount you could have with FSB in 2 years?

2. If your initial deposit at ECU is $1,000, what continuous compound

Chapter 6: Exponential and Logarithmic Functions ////// 267



interest rate would ECU need to pay for you to have the amount you
could have with FSB in 2 years?

3. You speculate about making no additional deposits and no
withdrawals from the savings account for 10 years. What continuous
compound interest rate would ECU have to pay so that your initial
$1,000 doubles in 10 years? How would that compare with the
amount in your account at FSB after 10 years?

268 \\\\\\ Chapter 6: Exponential and Logarithmic Functions



Chapter 6: Exponential and Logarithmic Functions // 269



Materials:

Graphing calculator

Algebra Il TEKS Focus:
(2A.11) Exponential and
logarithmic functions. The
student formulates equations
and inequalities based on
exponential and logarithmic
functions, uses a variety of
methods to solve them, and
analyzes the solutions in
terms of the situation.

The student is expected to:

(D) determine solutions
of exponential and
logarithmic equations
using graphs, tables, and
algebraic methods.

(F) analyze a situation
modeled by an
exponential function,
formulate an equation or
inequality, and solve the
problem.

Additional Algebra Il TEKS:
(2A.2) Foundations for
functions. The student
understands the importance
of the skills required to
manipulate symbols in order
to solve problems and uses
the necessary algebraic skills
required to simplify algebraic
expressions and solve
equations and inequalities in
problem situations.

The student is expected to:
(A) use tools including

factoring and properties
of exponents to simplify

ooooooooooooooooooooooooooooooo

Saving Money . ..
Teacher Notes

Scaffolding Questions:

«  What function rule expresses the amount of money,
A dollars, in a savings account as a function of the
number of years, t, money is in the account if interest
is compounded n times per year?

» What function rule do you use if interest is
compounded continuously?

* As you solve for different parameters in these
functions what types of equations do you encounter?

*  What methods do you have for solving exponential
equations?

What methods seem to work best in these situations?

Sample Solutions:

Plan A

1. For FSB, the function expressing the amount of money,
A dollars, in an account in terms of years of deposit, ¢

years, is

A= P+

where P = the initial deposit (principal) in dollars, and
r = the annual interest rate.

After 2 years, the amount in an account
with $1,000 principal and 6% interest will be

1,000(1+.06)? = 1,000(1.06)? = $1,123.60 .

2. If ECU pays 5% interest annually and compounds
quarterly, the function expressing A in terms of years of

deposit, ¢, is
A=P(1+£)”’
n

where n is the number of compounding periods per year.
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In this problem, r=0.05, n =4, and t = 2. We need to
determine P so that we break even with FSB. Therefore
we need to solve

4*2
P(1 +°%) ~1123.60

P(1.0125)% =1,123.60
1.104486P = 1,123.60
p_ 1123.60
1.104486
=1,017.3057

Our initial deposit at ECU would need to be $17.31 more
than our deposit at FSB for us to have the same amount
in 2 years.

3. This time we know that at ECU, P = 1,000, n =12, and
t = 2. We need to determine the interest rate, r, so that

we have the same amount as we would have with FSB.
Therefore, we need to solve

F\122
1, 000(1 + —) =1123.6
12

v
(1+—) =1.1236
12

14+ = (1.1236)"*
12
L~ 0.0049
12
/= 0.0584
The annual interest rate at ECU would need to be 5.84%.
4. Now we know at ECU, P = 1,000, r=0.0475, and

n=6. We need to determine ¢ so that we have $1,123.60
in the savings account. Therefore, we need to solve

ooooooooooooooooooooooooooooooo

expressions and to
transform and solve
equations.

Connection
to TAKS:

Objective 1: The student
will describe functional
relationships in a variety of
ways.

Objective 2: The student
will Eiemonstrate an
understanding of the
properties and attributes of
functions.

Objective 5: The student

will demonstrate an
understanding of quadratic
and other nonlinear functions.

Objective 10: The student

will demonstrate an
understanding of the
mathematical processes and
tools used in problem solving.

oooooooooooooooooooooooooooooo
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0.0475

6t
1, 000(1 + ) =1123.6

(1.0079)%’ =1.1236
64(In1.0079) = In(1.1236)
_ In(1.1236)
- 6In(1.0079)
t=~2.47

1
It would take 25 years for you to have as much money at ECU as you would have at

FSB at the end of 2 years.

Plan B

The function expressing the amount, A dollars, in an account that earns interest
continuously in terms of t years is

A= Pe”
where r = the continuous compound interest rate.

1. 1fr=0.05and t = 2, we need to solve

P-e%%®?% =1123.6

e%'P=11236
P=1123.66""
P=1,016.68

Our principal at ECU again would need to be $1,016.68 to break even with FSB after 2
years of saving.

2. This time, we need to solve

1000(&’?) =1,123.6

e =1.1236
2r=1In(1.1236)

r=0.0583

ECU's interest rate would need to be 5.83%.
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3. For ECU, we need to solve the equation

1,000(e”"%) = 2,000

107

e’ =2
10r=1n(2)
e In(2)
10
r=0.069

ECU would have to pay 6.9% continuous compound interest.

After 10 years at FSB, we would have 1,000(1.06)'° = $1,790.84 in the account.

Extension Questions:

* InPlan A, problem 1, the function rules for FSB and ECU respectively are
¥, =1,000(1.06)" and ¥ =1,017(1.0125)**. The variable x has been used to represent
time on the graphing calculator. Which generates more money? How do you decide?

This can be shown with tables. Here are the tables for these functions:

il Ve

141BE | 1E703
" E1EaAaC 1. 86 2" x

0
i
c
= 1191 ii
i
)
]
1

For x less than 2, the y-values are more for Y, . That is, during the first 2 years there
is more money in the account at ECU. The amounts are almost equal at x equals

2. They break even at 2 years. For x-values greater than 2, Y, is greater. After that,
FSB is the better place to have your money.

The graph also shows this solution.

W I OO Yi=1o000l. 0614

amin=

APEs= n=l. 07008z Y=1igl . B601
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Another way to see this is to solve the equation to find when the two functions have
the same y-value.

1,000(1.06)" = 1,017(1.0125)**
log[1,000(1.08)"| = log[1,017(1.0125)**

log1,000 +log(1.06)* =log1,017 +log(1.0125)**
log1,000 + xlog(1.06) =log1017 + 4 xlog(1.0125)
xlog(1.06) — 4 xlog(1.0125) =log1,017 —log 1,000
x{log(1.06) — 4log(1.0125)] = log1,017 —log1,000
log1,017 —log1,000

In about 1.965 years the functions have the same amount.

* What kinds of equations did you have to solve in Plan A?

Problem 1 had a linear equation.
8
P(1+¥) =1.123.60 for P

Problem 2 had an exponential equation.

24
1,000(1 + é) ~1123.60 for s

Problem 3 had exponential and required logarithms.

6t
1,000(1+&675) =1,123.60 for ¢

* Suppose you are given the value of r_ in the continuous compound interest situation,
Y = A(1+7)". How can you determine possible values of r_ in the compound interest
situation that make continuous compound interest the better deal?
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We want the continuously compounded interest amount earned to be greater than the
compound interest amount.

A& > A+ r)*
e >(1+r)"

e >(+r)

r>In(1+17)

Choose r, so that 7, >In(1+z).
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